This study compares three control structures of active noise cancellation for ducts: feedback control, feedforward control, and hybrid control. These structures are compared in terms of performance, stability, and robustness by using a general framework of the Ha robust control theory. In addition, the Ha synthesis procedure automatically incorporates the acoustic feedback path that is usually a plaguing problem to feedforward control design. The controllers are implemented by using a digital signal processor and tested on a finite-length duct. In an experimental verification, the proposed controllers are also compared with the well-known filtered-u least mean square (FULMS) controller. The advantages and disadvantages of each ANC structure as well as the adverse effects due to acoustic feedback are addressed.
INTRODUCTION
Active noise control (ANC) techniques complement traditional methods for suppressing low frequency disturbances [1, 2] . In the ANC applications up to date, feedforward control has been widely used whenever a non-acoustical reference signal has been available. In particular, the least mean square (LMS) method and its variants have formed the majority of the ANC approaches [3] [4] [5] . However, this does not preclude the use of the other structures that have been well established in the control community. This paper is aimed to compare three ANC structures (feedforward structure, feedback structure, and hybrid structure) on the basis of the H a theory [6] [7] [8] [9] [10] [11] . Important issues such as performance, stability, and robustness are all taken simultaneously into account in the H a design. In addition, the H a synthesis procedure automatically incorporates the acoustic feedback path that is usually a plaguing problem to ANC applications. Acoustic feedforward usually arises in feedforward ANC structure for suppressing broadband random noises, where in many practical situations only the acoustical noise reference is available. In this configuration, a positive feedback loop exists between the cancelling loudspeaker and the feedback microphone, which tends to destabilize an ANC system. Acoustic feedback introduces poles to the system and thus stability problems if the loop gain becomes too large. An excellent review concerning acoustic feedback can be found in the book by Kuo and Morgan [12] . The solutions to the problem of acoustic feedback mentioned in the book include directional microphones and loudspeakers, motional feedback loudspeakers, neutralization filter, dual-microphone reference sensing, filter-u LMS (FULMS) method, non-acoustic sensors, and so forth. In contrast, this paper adopts a new approach based . .   . . on H a theory to explore the acoustic feedback problem in the ANC application domain from the standpoint of control theories.
The H a controllers are implemented by using a floating-point digital signal processor (DSP) and tested on a finite-length duct. Various types of noises including a Gaussian white noise, an engine exhaust noise, an impact noise, and a sweep-sine were chosen for validating the control structures. As will be seen in the experimental results, the problem of acoustic feedback is successfully dealt with by the hybrid H a controller that provides marked improvement of performance and robustness over the feedforward H a controller, the feedback H a controller, and the well-known filter-u least mean square algorithm (FULMS) that has long been recognized as an effective solution to the acoustic feedback problem [4] . The advantages, disadvantages, and design considerations indicated in the experimental results for each ANC structure are summarized in the conclusion.
THEORIES AND METHODS

H a  
In this paper, the H a robust control theory based on two Riccati equations (the so-called 1988 approach) is employed for controller synthesis because it provides a unified framework for all control structures [6] [7] [8] [9] [10] [11] . In addition, the H a theory reveals physical insights into the perturbations and uncertainties of models that result from system identification, aging of electronic components, environmental changes, non-linearity, and drifting of acoustic system properties that generally arise in practical applications. These factors might cause deterioration of performance or even stability. It is then desirable to develop an ANC controller capable of accommodating these detrimental effects. To this end, the H a control theory is employed to meet the requirements of robust performance and robust stability in the face of plant uncertainties by choosing proper weighting functions.
In modern control theory, all control structures can be described by using a generalized control framework, as depicted in Figure 1 . The variables and functions in the Z domain are all capitalized. The framework contains a controller C(z) and an augmented plant P(z). The controlled variable v(k) corresponds to various control objectives z 1 (k), z 2 (k) and z 3 (k), and the extraneous input w(k) consists of the reference r(k), the distubance d(k), and the noise n(k). The signals u(k) and e(k) are the control input to the plant and the measured output from the plant, respectively. The general input-output relation can be expressed as Figure 1 . Generalized control framework.
where the submatrices P ij (z), i, j = 1, 2 are compatible partitions of the augmented plant P g (z), and the signal variables are capitalized to represent the symbols in the Z domain. The rationale of the H a control is to minimize the infinity norm of the transfer function T VW (z) between v(k) and w(k), where the infinity norm represents the output energy (in l 2 norm) for the worst input of energy less than or equal to unity. It is straightforward to show that T vw (z) can be expressed as [10] T VW (z) = P 11 (z) + P 12 
Hence, the mathematical statement of the optimal H a problem reads
With the optimal H a controller, best tracking performance, disturbance, rejection, and uncertainty accommodation can be achieved under the condition that the whole system is internally stable. However, instead of the optimal solution that is generally very difficult to find, one is content with the suboptimal solution of the so-called standard H a problem:
 
In this section, the feedback structure, the feedforward structure, and the hybrid structure are formulated on the basis of the aforementioned generalized control framework. In the feedforward and hybrid structure, it is further assumed that only the acoustical reference at the upstream of the canceling source is available, as usually is the case in practical applications. Because the upstream feedforward microphone will pick up both the noise from the primary source and the noise produced by the canceling loudspeaker, the positive acoustic feedback problem can no longer be ignored. It is this positive feedback problem that considerably complicates the active control design and so limits the performance and stability of the ANC system. First, the feedback structure is illustrated in Figure 2 . To find an H a controller, one weighs the error signal e(k) by W 1 (z), the control input u(k) by W 2 (z), and the plant output y(k) with W 3 (z). At this point, it is relevant to introduce two important sensitivity functions: the sensitivity function S (z) and the complementary sensitivity function T (z) defined as [9] 
and
The sensitivity functions S (z) and T (z) are, respectively, the indices of the system's ability to cope with disturbances and uncertainties [9] . For good disturbance rejection, the normal performance condition must be satisfied
On the other hand, to maintain stability of the system against plant perturbations and model uncertainties, the robustness condition that can be derived from the small-gain theorem must be satisfied [9] >T (z)W 3 (z)> a Q 1.
In general, W 1 (z) is chosen as a lowpass function and W 3 (z) is chosen as a highpass function because the low frequency performance of disturbance rejection in the control band is more of a concern and plant uncertainties tend to fall in high frequencies due to, for example, modal truncation.
It is yet very difficult to simultaneously minimize both sensitivity functions by simply noting that S (z) + T (z) = 1. The tradeoff between S (z) and T (z) is further complicated by the waterbed effect. That is, one cannot minimize either sensitivity function in a frequency range without inducing amplification of the same function at the other frequencies if the plant is at non-minimum phase [10] . This classical tradeoff between the performance and robustness renders the following mixed sensitivity problem [9] 
The input-output relation of the augmented plant corresponding to the feedback structure is
where P 1 (z) is the primary path and P 2 (z) is the secondary path. Hence, the suboptimal condition of the feedback controller can be shown to be 
Acoustical feedback
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where S (z) and T (z) are defined by equations (4) and (5), and
The additional weighting function W 2 (z) is used to limit the control input u(k) and is generally chosen to be a small constant. Next, consider the acoustic feedback problem. As has been mentioned previously, acoustic feedback generally causes detrimental effects to the ANC systems whenever feedforward sensors are used, such as the feedforward structure and the hybrid structure in our case. However, it will become clear later that acoustic feedback is naturally incorporated into the H a synthesis procedure. Indeed, the merit of the H a general framework lies in the fact that it does not require special treatment insofar as acoustic feedback is concerned. The block diagram of the feedforward structure with acoustic feedback is illustrated in Figure 3 . The input-output relation of the augmented plant corresponding to the feedforward structure is
where P 3 (z) is the transfer function of the acoustic feedback path. Dropping (z) for convenience, the suboptimal condition of the H a feedforward controller can be shown to be
where 
Hybrid controller 
FS(z)
is the transfer function from the disturbance to the output. To achieve good disturbance rejection, FS(z) should be small in the present low frequency control band. The downstream microphone output is weighed by W 1 (z) and the control input u(k) by W 2 (z). In general, W 1 (z) is chosen to be a lowpass function and W 2 (z) a small constant.
By the same token, the block diagram of the hybrid structure with acoustic feedback is illustrated in Figure 4 . Dropping (z) for convenience, the input-output relation of the augmented plant corresponding to the hybrid structure is
Hence, the suboptimal condition of the H a hybrid controller can be shown to be where
HS(z) represents the transfer function from the disturbance to the downstream microphone output. HT(z) is the transfer function associated with the unstructured multiplicative uncertainty [10] for the hybrid structure. In the structure, one weighs the error 
Denotes non-minimal phase zeros signal e 2 (k) by a low-pass W 1 (z), the control input u(k) by a small constant W 2 (z), and the downstream microphone output by a high-pass W 3 (z).
Recognizing that plant uncertainties and perturbations will affect the performance of ANC systems, it is desirable to quantitatively assess the performance robustness of the forging three ANC structures. This is done by defining the following performance robustness (PR) index of how performance of disturbance rejection varies with respect to plant perturbations:
where the performance function T yd denotes the transfer function from the disturbance d(k) to the output y(k) and P(z) denotes the transfer function of the plant of interest. As can be seen in the definition, the larger the PR is, the worse the performance of disturbance rejection becomes in the presence of plant perturbations. In what follows, the PR indices PR 1 , PR 2 , and PR 3 stand for the PR indices associated with the primary path P 1 (z), the secondary path P 2 (z), and the acoustic feedback path P 3 (z), respectively, of the duct.
As will be seen shortly in the experimental results, a further improvement against plant perturbations can be achieved by the hybrid control structure. This interesting feature of hybrid control has also been noted by some other researchers [13, 14] .
EXPERIMENTAL INVESTIGATIONS
Experiments were performed to compare the H a -based ANC structures in the presence of acoustic feedback problem. The H a controller synthesis technique is employed to design an active electronic silencer for a duct. A rectangular duct of cross-section 0·25 × 0·25 m and length 1 m is used for the experiment, which renders the cutoff frequency 690 Hz. Within this control bandwidth, two fourth order Butterworth low-pass filters of cutoff frequency 600 Hz are employed as the antialiasing filter and reconstruction filter. The sampling rate is selected to be 2 kHz. The upstream reference microphone and error * Order, tap/step denotes either the order of the IIR filter for both the numerator and denominator, and the step size used in the FULMS algorithm, or the tap length of the FIR filter and the step size used in the feedback neutralization method. ** Case 1 is a reference case of purely feedforward control in the absence of acoustic feedback.
microphone are located at 0·25 m and 0·75 m, respectively, from the source end. It may first appear that the duct is very short compared to its cross-section, where the causality problem and excessive acoustic feedback may arise. This is indeed an unwilling compromise to make so that the the plant can be of sufficient low order below the cutoff frequency and numerical problems with the H a calculation can be minimized. Besides, causality is a simplified criterion applicable to infinite-length ducts only. For the finite-length duct at hand, the complex dynamics of the acoustic system are reflected by the poles and zeros, but not simply the pure time delays as in the case of infinite-length ducts. On the other hand, the duct is lined with some fiberglass sound-absorbing material to provide appropriate damping for the system. The importance of passive damping that has often been overlooked in active design lies in not only high frequency attenuation but also the robustness of active control with respect to plant uncertainties [15] . With sufficient damping treatment, the order of plant uncertainty is generally less than that of the unlined duct. On the other hand, the error microphone is placed in the close vicinity of the control loudspeaker to form the so-called collocated control. In doing so, the waterbed effect in conjunction with non-minimal phase zeros and time delay can be alleviated [9, 16] . Figure 8 . The residual sound pressure spectra of Case 1 for the white noise in the absence of acoustical feedback before and after ANC is activated by using the purely feedforward Ha controller. -, Control off; ---, control on. Figure 9 . The residual sound pressure spectra of Case 2 for the white noise source when acoustical feedback is present before and after ANC is activated by using the Ha feedback controller. Key as for Figure 5 .
In the experiment, the mathematical models of the primary path, the secondary path and acoustical feedback path are established via an ARX system identification procedure [17] . The identified poles and zeros of these three plants are listed in Table 1 . The frequency responses of the primary path, the secondary path, and the acoustical feedback path are shown in Figures 5-7 , respectively. On the basis of the plant models, the H a synthesis procedure is applied to obtain the H a controller. The controller is then coded into a digital filter on the platform of a floating-point DSP, TMS320C31. The experimental arrangements are illustrated in Figures 2(a), 3(a) , and 4(a) for the feedback structure, the feedforward structure, and the hybrid structure, respectively. In addition, three synthetic as well as practical noise types, including a Gaussian white noise, an engine exhaust noise and an impact noise are chosen for comparing the different ANC structures. The experimental case design is shown in Table 2 .
Case 1 is a reference case of purely feedforward H a control, where the source voltage signal is used as the feedforward reference so that acoustic feedback can be neglected. It Figure 10 . The residual sound pressure spectra of Case 3 for white noise source when acoustical feedback is present before and after ANC is activated by using the Ha feedforward controller. Key as for Figure 8 .
T 3
The poles and zeros of the feedback controller In Cases 2-4, the signal detected by an upstream microphone is used as the feedforward reference so that the effect of acoustic feedback can no longer be ignored in the feedforward and the hybrid structures. In these cases, the H a ANC systems are employed for attenuating the white noise. In the experimental results shown in Figure 9 , it can be observed that the noise attenuation reaches approximately 20 dB at 175 Hz, but the effective band appears quite narrow (145-180 Hz). The poles and zeros of the feedback controller are listed in Table 3 . The total attenuation within the dominant band 0-400 Hz is found to be 2·02 dB. The experimental results of the H a feedback control show similar waterbed effect to that of the H 2 control [18] and the pole placement method [19] , and in these cases only narrowband attenuation can be achieved. It is found in the H 2 method that noise attenuation is obtained in the band 200-320 Hz at the expense of creating peaks at higher frequencies. In the pole placement technique, the attenuation is observed at the first two modes (47 Hz and 95 Hz, respectively). Figure 12 . The residual sound pressure spectra of Case 4 for the white noise source when acoustical feedback is present before and after ANC is activated by using the Ha hybrid controller. Key as for Figure 8 .
T 5
The poles and zeros of hybrid controller
Feedforward part
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( Denotes non-minimal phase zeros.
In contrast to the feedback structure, a broader band of attenuation can be obtained by using the feedforward structure. In Figure 10 , significant attenuation up to approximately 12-22 dB of the random noise has been achieved throughout the band 150-220 Hz by using the feedforward control and total attenuation within the band 0-400 Hz is found to be 2·96 dB. The poles and zeros of feedforward controller are listed in Table 4 .
In viewing the above results of noise attenuation, it is instructive to plot the transfer functions between the disturbance and the downstream microphone of the three ANC structures (Figure 11 ). The feedback structure displays only very narrowband noise rejection, as have been confirmed by the experimental results. The feedforward structure and the hybrid structure appear to have comparable performance, both better than that of the feedback control. Nevertheless, it is noteworthy that the experimental results reported in Figure 12 show considerable improvement of the hybrid structure over the feedforward structure. Attenuation has been achieved in two regions, 40-200 Hz and 330-400 Hz, by using the hybrid control and the poles and zeros of hybrid controller are listed in Table 5 . Attenuation up to approximately 20 dB is obtained in the first region and 18 dB in the second region. The total attenuation within the band 0-400 Hz is found to be 3·42 dB. This result is of comparable order with the theoretical prediction except some minor discrepancy due to modeling error by using the ARX procedure. Some additional insights can be obtained by calculating the PR indices, as shown in Figures 13-15 . The indices PR 1 , PR 2 and PR 3 of the feedforward structure are the largest among the ANC structures in most of the frequencies, while the indices PR 1 and PR 2 of the feedback structure are the smallest. That is, the performance of the feedforward control is the most susceptible to plant uncertainties among the ANC structures, while the performance of the feedback control is the most robust against the plant perturbations. As a compromise between the feedforward control and the feedback control, the robustness of performance of the hybrid control is partially improved by the introduction of the feedback structure. Hence, the experimental results of the hybrid control agree more closely with the predicted performance than the feedforward control. In the fifth case, two commonly used methods for dealing with acoustical feedback, the FULMS method and the feedback neutralization method, are employed in the present experiment for comparison with the proposed techniques. The details of these two methods can be found in reference [12] and are omitted here for brevity. Both the orders of the numerator and the denominator of the IIR filter used in FULMS method are 30. The tap length of FIR controller in the feedback neutralization technique is 300. The step size is 0·0001 in the two methods. The FULMS method produces 3-20 dB attenuation in the frequency range 50-200 Hz (Figure 16(a) ). Total attenuation within the band 0-400 Hz is found to be 2·42 dB. The result was obtained 1 min after the active control was activated. However, a strong peak was found at 235 Hz in the spectrum of the FULMS algorithm. It appears that the FULMS method is prone to stability problems for the algorithm is trapped in a local minimum (because its performance index is generally not quadratic) and the control drifts away slowly so that the system can be unstable. As pointed out by the reviewer, the problem with stability may be solved by using the leaky LMS algorithm [12] . On the other hand, the experimental results of the feedback neutralization method are shown in Figure 16 (b). Almost no attenuation can be obtained by using this method, the detrimental effect of acoustic feedback being evident from these results. Irrespective of which method used, the performance of noise attenuation is significantly degraded in comparison with the purely feedforward control in Case 1.
In the last case dealing with more practical noise, an exhaust noise from a 2000 cm 3 gasoline engine running at 4000 r.p.m., is investigated by using the H a hybrid controller. The results are shown in Figure 17 . Signifiicant attenuation, approximately 20 dB and 12 dB can be observed at the second and third peak of the power spectra and total attenuation within the band 0-400 Hz is found to be 5·43 dB.
CONCLUSIONS
Three ANC structures of active noise cancellation for ducts: feedback control, feedforward control, and hybrid control have been compared in this paper by using a general framework of the H a robust control theory. The H a synthesis procedure incorporates, without special treatment, the acoustic feedback path that is usually a plaguing problem to feedforward control design. Three ANC systems have been practically implemented by using a DSP.
The characteristics of each ANC structure, as indicated in the experimental results, can be summarized as follows. The main advantage of the feedback control is that no reference input is needed so that the acoustic feedback problem can be avoided. Nevertheless, the feedback control suffers from the waterbed effect due to time delay and non-minimum phase zeros and only narrowband noise rejection is achievable. For a high order plant such as a duct in our case, feedforward control appears to be a more viable approach for broadband noise rejection at the expense of performance robustness against plant uncertainties. Alternatively, hybrid control can be used to simultaneously achieve broadband noise rejection and robust performance. In comparison with the feedforward control, the feedback control, and the well-known FULMS method, the experimental results of the H a hybrid controller exhibit excellent performance for suppressing stationary and transient noises, even in the presence of serious acoustic feedback. Nevertheless, it is remarked that the experimental duct is very short compared to its cross-section in the study, which might violate the causality constraint that is generally used as a design criterion of an infinite-length duct. The experimental results may be improved with a longer duct, provided the increased order of plant models is not an issue.
Despite the preliminary success, the H a hybrid controller is a fixed controller that may not be able to accommodate excessive plant perturbations, e.g., large temperature variations in a muffler. It is reported in Eriksson's work [20] that an adaptive controller with online plant modelling is capable of tracking such plant variations (despite some drawbacks detailed in the book by Kuo and Morgan [12] ). From the same perspective, combination of the fixed and the adaptive controllers may make it possible to improve the robustness and thus will be explored in a future study.
